Abstract. Given a proper, open, holomorphic map of Kähler manifolds, whose general fibers are Calabi-Yau manifolds, the volume forms for the Ricci-flat metrics induce a hermitian metric on the relative canonical bundle over the regular locus of the family. We show that the curvature form extends as a closed positive current. Consequently the Weil-Petersson metric extends as a positive current. In the projective case, the Weil-Petersson form is known to be the curvature of a certain determinant line bundle, equipped with a Quillen metric. As an application we get that after blowing up the singular locus, the determinant line bundle extends, and the Quillen metric extends as singular hermitian metric, whose curvature is a positive current.
Introduction
When studying moduli spaces, the extension of the Weil-Petersson metric into the boundary of the moduli space, more precisely in the situation of a degenerating family, is of interest. This could be done for families of canonically polarized manifolds or stable holomorphic vector bundles. The approach in both cases is to use a fiber integral formula for the Weil-Petersson metric in terms of a certain positive (n + 1, n + 1)-form on the total space (where n denotes the dimension of the fibers). Such a form has to be extended as a positive current, and a push forward is taken. This approach is closely related to the existence of Kähler-Einstein and HermiteEinstein metrics resp. In the former case, uniform C 0 -estimates for the solution of the resp. Monge-Ampère equations in a degenerating family ultimately provide the extension property.
Here, we will treat the case of Calabi-Yau manifolds, i.e. polarized Kähler manifolds with vanishing first real Chern class, equipped with Ricci-flat metrics according to Yau's theorem [10] . Our result will be based upon the Ohsawa-Takegoshi extension theorem for canonical forms on submanifolds in bounded pseudoconvex domains. The statement of the main theorem will not depend on the type of the singularities of the degeneration.
Let f : X → S be a proper surjective holomorphic mapping between complex manifolds, where X is Kähler. We denote by W ⊂ S the analytic set of singular values of f , and let X ′ := f −1 (S ′ ) with S ′ = S \ W . Suppose that for every s ∈ S ′ , the fiber X s = f −1 (s) is a Calabi-Yau manifold, i.e. a compact Kähler manifold, whose first real Chern class c 1 (X s ) vanishes. Let ω be a Kähler form on X. Then Yau's theorem implies that there exists a unique Ricci-flat metric ω 
in which case ρ is unique (cf. [4] ). By adding the pull-back of a Kähler form on S ′ to ρ, (like the fiber integral X ′ /S ′ ω n+1 , or the Weil-Petersson form, if the family is effectively parameterized) we can achieve that f * (ρ n+1 ) is positive definite. Con-
) satisfies the former normalization condition. A form ρ satisfying the latter condition is also called fiberwise Ricci-flat metric. A fiberwise Ricci-flat metric ρ is not uniquely determined, but it always exists globally on X ′ under our assumptions. The corresponding relative volume form on X ′ → S ′ is independent of the normalization, however, later we will use (1.1). It induces a hermitian metric h ρ X ′ /S ′ on the relative canonical line bundle (see Section 2) . Now the Weil-Petersson metric ω W P S ′ and the curvature Θ h
′ satisfy the following equation according to [4] . (Note that the volume of the smooth fibers is constant.)
This implies that the curvature Θ h
of the relative canonical line bundle is semi-positive on X ′ . The main goal of this paper is the extension of Θ h 
holds, where ω can be replaced by any Kähler form that induces the same polarization on the fibers. With wedge products taken in the sense of Bedford and Taylor, the Theorem together with (1.2) will imply that The proof of the Theorem uses is inspired by a result of Pȃun from [7] , applying Demailly's approximation theorem of plurisubharmonic functions by logarithms of absolute values of holomorphic functions [5] .
In [6, Sect. 10] , for projective families of Ricci-flat manifolds (more generally extremal Kähler manifolds), we showed that a certain determinant line bundle λ on the base of the family could be equipped with a Quillen metric h Q such that the curvature form is up to a numerical constant equal to the Weil-Petersson form. Using the extension theorem from [8, 9] , we can see that after a blow-up (λ, h Q ) can be extended into the singular locus of such a projective family.
Preliminaries
2.1. Construction of a background metric. Let f : X → S be a proper, surjective holomorphic mapping between Kähler manifolds. Let d = dim S, and dim X = n + d. Let S ′ ⊂ S be the set of regular values and
′ is a surjective holomorphic submersion. Let ω be a Kähler form on X, or more generally a smooth, d-closed, real (1, 1) form, which is positive definite along the smooth fibers of f . We will use the notations ω n = ω ∧ . . . ∧ ω/n! and analogous. Since the relative canonical bundle K X/S is defined as
S a hermitian metric h ω X/S can be defined as follows: Given any local coordinate system (z 1 , . . . , z n+d ) on U ⊂ X we denote the corresponding Euclidean volume form by dV X = dV X (z), and for local coordinates (s 1 , . . . , s d ) on the image of U under f in S we use the Euclidean volume form
with a certain non-negative, differentiable function χ. At singular points of f the function χ will vanish, and we write
where ψ U takes the value −∞ at singular points of f . On the regular locus of f in X the function χ is the absolute value squared of a holomorphic function so that e −ψ U defines a singular hermitian metric h
The corresponding curvature form on X ′ is given by
So far, the curvature is a positive current on X, and differentiable on the regular locus of f in X.
2.2.
Existence and curvature of a fiberwise Ricci-flat metric. Let the restriction of f now denote a smooth family of Calabi-Yau manifolds f ′ : X ′ → S ′ , and let ω to be a Kähler form on X. Let ω s = ω| Xs . For s ∈ S ′ we take the Kähler class [ω s ] as polarization, and apply Yau's theorem.
Since [Ric(ω s )] = 0, for any s ∈ S ′ , by the dd c -lemma, there exists a unique function η s ∈ C ∞ (X s ) such that
Then the implicit function theorem says that the function η, which is defined by 
holds over S ′ . Now we apply (2.3) to the left-hand side of the above equation. Concerning the right-hand side, the same argument provides us with the curvature of the relative canonical bundle with respect to ρ:
2.3. Deformation theory of polarized Calabi-Yau manifolds, and the WeilPetersson metric. For general facts about the Weil-Petersson metric, in particular (1.2), we refer to [4] . Let f : X → S be a (smooth) polarized, holomorphic family of Calabi-Yau manifolds, and ρ be a form as above such that the restriction to a fiber X s is the Ricci-flat form on the polarized fiber with the normalization (2.8)
Previously, according to [6, Thm. 7.8, Rem. 7.3] , the following fiber integral formula for the Weil-Petersson metric was known:
(2.9)
which clearly follows from (1.2). Such fiber integrals fit into the framework of the Riemann-Roch-Hirzebruch-Grothendieck formalism (cf. Section 4).
Extension of the curvature form of the relative canonical line bundle
In this section, we will derive an upper bound of a local potential of the curvature
, which is induced by ρ on the relative canonical line bundle and prove Theorem 1.1. Since this curvature is known to be positive, the boundedness from above of a local potential near singular fibers will yield a local extension of the curvature current Θ ′ into singular fibers of the total space. The null-extensions (cf. [5, (1.19 )]) of these currents will fit together and yield a global positive current. Let x 0 be a point which belongs to a singular fiber X s 0 , i.e., s 0 ∈ W . Let (U, z 1 , . . . , z n+d ) be a local coordinate at x 0 in X and (f (U), s 1 , . . . , s d ) be a local coordinate at s 0 in S. Take a neighborhood V ⊂ U of x 0 and r > 0 such that B r (x) ⊂ U for any x ∈ V , where B r (x) is a geodesic ball centered at x with radius r with respect to ω. Let ψ U be the local potential of Θ h ω X/S (K X/S ) which is defined in Section 2.1. Define a function θ :
Then θ is a local potential of Θ h
. Since θ is plurisubharmonic, it is enough for the extension of Θ h
′ and denote by s = f (x). Then X s is a smooth fiber and U s := U ∩ X s is a Stein manifold of U. We claim that the restriction of θ to U s θ s := θ| Us = ψ s + η s is uniformly bounded from above in V s . We now adopt an argument of M. Pȃun from [7] to apply an approximation argument of Demailly. The idea is to approximate the function θ s by the logarithm of absolute values of holomorphic functions. 
Then we have
Proof. The proof is essentially same with the proof of Theorem 14.2 in [5] . We may assume that U is biholomorphic to a bounded strongly pseudoconvex domain in C n+d , so U s is a Stein manifold. This implies that H It follows immediately that the Bergman kernel satisfies the extremal property:
Take a local coordinate neighborhood B ε := {ζ ∈ U s : |x − ζ| < ε} in U s . Denote by dλ the Lebesgue measure in B ε . For any φ ∈ H (m) s with φ 2 m,s ≤ 1, for 0 < r < ε, the mean value inequality implies 
Since θ s is upper-semicontinuous, taking r = 1/m it follows that
Conversely, first note that
is a holomorphic section of K X ′ /S ′ over U ∩ X ′ . We remark that as a relative canonical form σ can be written as follows: Assume that on some open subset of U
In particular, K Us is trivial. There exist n bounded holomorphic functions on U s which form a local coordinate near x because U s is embedded in U. Therefore, for any a ∈ C, Ohsawa-Takegoshi extension theorem (e.g. Proposition 3.2) says that there exists φ ∈ O(U s ) such that φ(x) = a and
where the constant C ′ s does not depend on m. If we choose a ∈ C such that the right hand side is 1, then
s . This completes the proof. 
where the constant C n depends only upon n, and not on Ψ.
Proof. Let C := e sup W n j=1 |q j | 2 . We consider q = 1 C (q 1 , . . . , q n ) as a holomorphic section of the trivial vector bundle E = W ×C n . We denote by |q| the Euclidean norm of the section s. Then we have |q| 2 ≤ 1 e 2 holds. Note that the curvature Θ E of E vanishes.
The (trivial) anti-canonicalline bundle −K W is equipped with the hermitian met-
in terms of currents. Now we apply [5, Theorem 13.6]: There exists a global holomorphic section φ of
Since |q| ≤ (1/e), it follows that
Proof of Theorem 1.1. Let φ ∈ H where C can be taken as max(1, Vol(X s )), and the volume of X s is given by (2.5) being taken with respect to the Kähler class ω| Xs . Hence this constant is independent of m and s.
On the other hand, the equation (3.1) implies that in local coordinates, it can be written as
where dV X and dV S are Euclidean volume form in U and p(U) with respect to the coordinates (z 1 , . . . , z n+d ) and (s 1 , . . . , s d ), respectively. Combining with (3.3), it follows that
Applying the L 2/m version of the Ohsawa-Takegoshi extension theorem in [2] to
there exists a m-pluricanonical formF = F dz 1 ∧ . . . ∧ dz n+d ⊗m in U with the following properties:
(1) The restriction of F to U s is equal to φ.
(2) There exists a numerical constant C 0 > 0 independent of m and s such that
.
It is essential that the constant C 0 does not depend on s. In fact, the OhsawaTakegoshi theorem states that the constant C 0 only depends on the sup norm of the holomorphic functions that define the smooth subvariety, interpreted as section of a certain vector bundle. In our case the smooth subvariety is U s and the section is given by the holomorphic family. Hence the sup norms of the sections are uniformly bounded in terms of the s-variable.
For invoking the Ohsawa-Takegoshi extension theorem, however, the holomorphic function φ is assumed to be integrable with respect to the Ohsawa measure. (For the details, see [2, 5, 7] ) Now the mean value inequality can be applied to the global holomorphic function F on U: The mean value theorem implies that there exists a constant which depends only on ω and r such that
All together, it follows that |F (x)| 2/m is bounded from above by a constant which is independent of m and s. Now we have an estimate for the restriction F |U s . Therefore the weight function θ s has the same property (by Theorem 3.1 above).
This argument is carried out for all θ s , and hence the function θ is uniformly bounded on V ∩ X ′ where V ⊂⊂ U. This implies that the curvature Θ h 
Here ch and td resp. stand for the Chern and Todd character forms resp.
Based upon the universal properties of the construction, it was generalized from hermitian vector bundles (F, h F ) to elements of the Grothendieck group, i.e. formal differences of such objects. It proved to be consistent to define ch(G − H, h G , h H ) = ch(G, h G ) − ch(H, h H ).
4.2.
Application to degenerating families of Calabi-Yau manifolds. We consider the situation of Theorem 1.1, and assume that there exists a hermitian, holomorphic line bundle (L, h 0 ) on X such that ω = c 1 (L, h 0 ). Following [6, Section 10] we define
⊗n on X. Note that the virtual bundles K X ′ /S ′ − K −1 X ′ /S ′ and L − L −1 are of rank zero so that the Chern character form in question is
where terms of degree larger than 2n + 2 are omitted. At this point we use the normalization (1.1) for ρ. Now by (4.1) and (2.9) the curvature of the determinant line bundle is Proposition 4.2. c 1 (λ(F ), h Q ) = 2 n+1 ω W P .
We apply [8, Thm. 2] (cf. [9] ), and get the following fact for a map f : X → S as in this section. 
